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ential equations for the eigenvectors, Eq. (5). Two cases
are considered; distinet and nondistinet eigenvalues.

When \; # \;, we evaluate the ¢ — jth element of Eq. (7),
and obtain

Ty = X0K/ 00 — M), 6 5 10\ = N 9)

The case of multiple roots, however, requires some discussion.
Recall that if the eigenvectors X, Xiy, . . ., Xiyx correspond
to the prinecipal value \;, then they satisfy

C—NEX; =0, 7=4,i+1,...,i+k (10

Therefore,
€= NEX = WE—-OXy, g=14,...,i+k (1)
But, from Eq. (5) we have
).('j = Z I‘ijm (12)

and substituting this into Eq. (11) results in

Z Fm]’ O\m -

m=1

MNX. = ME — OX; (18)

Since the eigenvectors X, are orthonormal, we must have
T — N) = AX"X; — X7,.CX;

: . (14)
= X' (X8, — X'0CX; :

where §,,; is the Kronecker delta. Because \,, = \;for m =
0+ 1,...,% 4 k, the left side of Eq. (14) is zero, indepen-
dent of T’k Although, we must of necessity have I';; = 0
(because X; 1 X;), there seems to be no constraints on the
Toi (m £ 3; my =42+ 1,...,% 4+ k). This shows that
any component vector of X; which lies in the null space of C —
A:E is annihilated, and because of this it seems quite reason-
able to require that X; be orthogonal to this subspace; i.e.,

X; is to be orthogonal to the space generated by X;, X1, .. .,
Xiix This convention allows us to write

Fij = 0 when \; = )\j (15)

for the case of multiple eigenvalues.

Equations (6, 9, and 14) define T’ and Eq. (5) defines the
differential equations governing the propagation of the
eigenvectors.

Appendix: Summary of Eigenvalue/Eigenvector
Propagation Equations

X=&,....,%)0A=0...,\) (A1)

Remark: CX; = \NX;, XX’ = E; if Cy is diagonal, then one
may take X = F and A = (.

¢ = AXAX’ 4 (AXAX)' + Q (A2)

Remark: C is not integrated, but is used to evaluate A and
T'. Thus,

N = XCX, (A3)
I+T'=0 (A4.1)
and
_[XNCX/(n — N whenp > dand N 2 N
T = { 0 when 7 > i and \j = N\ (A4.2)
X = XT (A5)

I The right side is, of course, zero also.
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Electron Beam Measurements of
Rotational Temperatures with

Vibrational Temperatures Greater

Than 800°K

WiLriam W. HunTER JR.*
NASA Langley Research Center, Hampton, Va.

Nomenclature
Boa. = spectroscopic constants defined in Ref. 7
¢ = speed of light
B = characteristic energy of vibrational energy
level v",;
(K", Tr) defined in Ref. 1
h Planck’s constant

T g &y )or vy intensity of rotational line emission

O T T A |

I, reference intensity

K rotational quantum number

k Boltzmann constant

Nx: steady-state number density population of
rotational energy state

Poyiom = band strength

" = rotational state sum

Qo = vibrational state sum

Tr = rotational temperature

T = vibrational temperature

v = vibrational quantum number

X1, X5, X5 = consts

v = wave number

Superscripts

Cy = quantities for excited electronic state
N.*B2Z,*

)y = quantities for ground state of neutral nitrogen
N X112, T orionized nitrogen N, TX22,+

Subscripts

( = ground state of neutral nitrogen N, X1+

() = ground state of ionized nitrogen N,*tX?Z,*

HE electron beam technique has been used for measuring
the molecular rotational and vibrational temperatures
Tz and T,, respectively, of highly expanded low-density
flows of air and nitrogen. The original formulation of the
theoretical model and experimental verification for Tz and
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* Aero-Space Technologist, Gas Parameters Measurement
Section, Instrument Research Division. Member ATAA.



960 ATAA JOURNAL

.00
0.90 ¢
0.80 |
[ehrdel ¢
0.60 |

0.00 L . L . . L " "
o] 500 1000 1500 2000 2500 3000 3500 4000

VIBRATIONAL TEMPERATURE, Ty (°K)

RELATIVE POPULATION
NEBESE(vi=0)

OF

Fig.1 Relative population variation of the zero vibrational
level of N,*B?Zu* with vibrational temperature.

T, measurements with the electron beam technique were
performed by Muntz.! The theoretical development for
T'r measurements was divided into two cases. The first case
was for T, < 800°K and the second was for T, > 800°K.
The theoretical expression for the first case is

11’1 [ (IK',K”Q)U’;U”2/IO } _
(K' + K" + 1) [G(K'",Tg)}»

_ BonK'(E’ + e

T + X @
and the second case is described by
hl { (IK'.K"Q)u,v"2/10 } -
(K’ + K" + D [GK",Tr)]»
B//e K'(K' Ok
_ iK' ( + )_C + X (92

kTr

The difference between Eqs. (1) and (2) is contained in the
rotator constants B,n and B”.i. The B”.: constant is a
weighted average which may be obtained as described in
Ref. 2. The B,~ term is calculated from

Bv”l =~ Be - ae(v”l + %) (3)

where »”; = 0 for the case of T, < 800°K.

The situation often exists in high-enthalpy wind tunnels
where the freestream 7T, is greater than 800°K. It is in
principle necessary to use Eq. (2) to obtain Tz. The purpose
of this Note is to show that a reformulation of Muntz's
theoretical expression permits the determination of Ty from
a single expression which is applicable to the low- and high-T,
cases., The reformulated expression is applied to electron
beam data obtained from several wind tunnels where 7', was
greater than 800°K. The results of Tz calculations with the
reformulated expression are compared with the results ob-
tained from Eq. (1). The results support the conclusions of
Petrie? that Eq. (1) may be applied for a wide range of T,
conditions without introducing significant error in the re-
sultant T'; values. The reasons for this agreement between
results using the reformulated expression and Eq. (1) are
discussed.

The fundamental physical concepts of the electron beam
technique for measuring rotational and vibrational tempera-
tures of molecular nitrogen has been discussed by a number
of authors.!4—% When fast electrons pass through low-
density air or nitrogen, gas fluorescence is observed which is
the result of inelastic collisions of the electrons with the gas
molecules. A major source of observed radiation is the first
negative system of nitrogen. The (0,0) band of the first
negative system of Nyt is the most intense and is the band
generally used for measuring Tx. The discussion to follow
will be applicable to any band of the first negative system
but the results shown were obtained from (0,0) band data.

The ionized and excited state of the first negative system
of Not, No¥B2Z,*, is populated as a result of inelastic colli-
sions between the fast primary electrons and the ground
state neutral molecules, NoX1Z,*. The observed fluorescence
is due to the spontaneous transition from N,*B2Z,* to the
ground ionized state Ny*X2Z,+, The theoretical problem is
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to predict the population distribution of the molecules in the
rotational and vibrational energy states of NytB2Z,* as a
function of T's and T, respectively. In order to describe the
population distribution of the molecules among the rota-
tional energy states of N,tB2Z,+, Muntz! assumed that the
optical selection rules applied in the excitation process, i.e.,
AK = =+1. With this assumption the population of a rota-
tional energy state N g+ is proportional to

K'e— Exr-1/kTx + (K' + 1)e—EKI+1/kTR (4)

where Ex.; and Ek. . are rotational energy terms that are
functions of the rotational quantum state K’ and vibra-
tional quantum state »”;. These terms are defined and may
be evaluated in accordance with Ref. 7. By appropriate
grouping of the spectroscopic terms of Ex,—1 and Ex 1 ex-
pression (4) may be written as

[F (K", Ti) Jo = K K DB/ )

The [F(K'w",Tr)] term is essentially equivalent to the
[G(K',Tg)] term defined by Muntz® except the vibrational
quantum state dependence has been retained.

The final equation that can be used for determining the
rotational temperature is

I’ K,
1n{[(le,x"2)v',v’z/fo] sk 1 DZ,? e
l:Pv,v”I F(K’,v”l,TR)e—Ewl/kTv:l B.K'(K' + Dhe
Q0. } T ETx

+ X

(6)

This equation must be solved through an iteration process
since the [F] term is Tr dependent. Of course, Eqgs. (1)
and (2) are also solved through an iteration process because
of the T'x dependence of the [G] term.

The differences between Eqs. (1) and (6) are 1) B,, rota-
tional constant which is known, is used instead of B,»; or
B”., 2) T, is now used explicitly in the equation, and 3) a
summation over the vibrational quantum states of NoX'Z+,
is required. The upper limit of the summation is determined
by the maximum 7T, to be considered.

The results of the application of Eq. (6) to various test
conditions were examined and compared with Tx values ob-
tained from Eq. (1). The comparison is shown in Table 1.
The Tz value obtained from Eq. (1) agrees well with
those values obtained from Eq. (6). This indicates that
Eq. (1) is applicable over a broad range of 7', conditions for
transitions from N.+tB2Z, 7" = 0).

The reason for this agreement can be understood if the
relative population of the various rotational energy states of
the Ny*B2Z, (v’ = 0) is determined. The relative popula-
tion is caleulated from

NK’/Z N (7)
'l

where
Puyy ((A) p— B /RT:

Nk’ o _— 8)
;1: Q.Q-
Table 1 Comparison of calculated rotational
temperatures using Egs. (1) and (6)
Tr, °K Tr, °K T, °K
using Eq. (1) using Eq. (6) used in Eq. (6)
39¢ 39 1000
177 177 2700
1021¢ 1018 1025

@ Test conducted in Langley Research Center hypersonic nitrogen tunnel.®

b Test conducted in Langley Research Center 1-ft hypersonic tunnel,?
data supplied by D. 1. Sebacher.

¢ Test conducted in static gas.®
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The quantity (A) is defined by expression (4). As an ex-
ample of the results obtained from expression (7), a set of

calculations was made for the condition of Tz = 177°K
and for 7, values of 177° and 2700°K. The results are
given in Table 2.

It is noted that there is very little change in the relative
population of the excited ionized state of No* for each T,
considered. There is a slight population shift from the
lower quantum states to the upper quantum states for the
2700°K T', case. Since a relatively large change in the T,
does not significantly change the relative population distribu-
tion of the rotational energy states of the zero vibratienal
energy level of N;*B2E,*, only a small difference will exist
between the results of Egs. (1) and (6). Of course, the total
population of the zero vibrational energy level of N,*B2Z+,
does change with T, as shown in Fig. 1.

Muntz!? noted that the rotational energy-state popula-
tion distribution for o’ = 0 energy level of No*B2Z,+ was not
a significantly strong function of T, because of the particular
distribution of Franck-Condon factors. This point was
examined further by comparing the relative population
variation of »* = 0, 1, and 2 of N,*B2Z,* for T = 25°K
and T, = 25°K and 4000°K. The increase of T, from 25°
to 4000°K resulted in a shift of population from the lower
rotational quantum states to the upper quantum states.
The degree of population shift increased with the vibrational
quantum number. For example, the relative change in the
rotational quantum state K’ = 6 of ' = 0, 1, and 2 was
approximately 0.1, 1.8, and 3.9, respectively.

In summary, Eq. (6) provides a single equation which is
applicable for a broad T, range. A comparison of results
obtained with Eqs. (1) and (6) applied to specific cases of
transition from the v’ = 0 level of N2*B?Z,* shows that
Eq. (1) may be applied for a range of 7', values up to 2700°K
without introducing a significant error in the resultant Tz
values. It was shown that this was because the population
distribution of the v* = 0 level of No*B2?Z,* was not a strong
function of T,. The application of Eq. (1) to transitions
from vibrational energy states other than »’ = 0 of Ny*B2Z,+
must be done with care since the population shift is greater
for higher T',’s.

Table 2 Relative population of the zero vibrational
level of No"B2Z,* for 177°K rotational temperature
and 177°K and 2700°K vibrational temperature

T’D
K’ 177°K 2700°K
1 0.06102 0.06100
2 0.04776 0.04775
3 0.12175 0.12173
4 0.06906 0.06004
5 0.14434 0.14433
6 0.07069 0.07068
7 0.13101 0.13101
8 0.05779 0.05779
9 0.09744 0.09746
10 0.03937 0.03938
11 0.06110 0.06112
12 0.02280 0.02281
13 0.03277 0.03279
14 0.01135 0.01136
15 0.01516 0.01517
16 0.00489 0.00489
17 0.00608 0.00609
18 0.00183 0.00183
19 0.00212 0.00213
20 0.00060 0.00060
21 0.00065 0.00065
22 0.00017 0.00017
23 0.00017 0.00017
24 0.00004 0.00004
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Problem of the Annular Plate, Simply
Supported and Loaded with an
Eccentric Concentrated Force
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Introduction

HE subject of this paper is the determination of the deflec-

tion function for the annular plate, simply supported at
both edges, and loaded with an eccentric concentrated force.
In a previous paper,! the problem of the clamped annular
plate was discussed. The actual boundary conditions proba-
bly vary somewhere between these two cases. According to
the Poisson-Kirchoff theory of bending of thin plates,? the
deflection w is a solution of the equation

Viw = ¢/D 1)

where V* is the biharmonic operator, ¢ is the transverse load
intensity, and D the plate flexural rigidity. For a problem of
the type considered, the solution can be expressed in the
form

w = ws + we 2

Here, ws represents the singular solution state the wg the
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